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2016 Nobel prize in physics awarded 
to David Thouless, Duncane 

Haldane and Michael Kosterlitz

for theoretical discoveries of  topological phase transitions 

and topological phases of matter



Although first to mention topological phases, not really the first Nobel 

prize  for topological phases

First - 1982 Nobel to Klaus von Klitzing for `discovery of quantised  

Hall effect ‘

Second -  1998 Nobel  to Robert Laughlin, Horst Stormer and 

Daniel Tsui for  `discovery of a new form of quantum fluid with 

fractionally charged excitations’ 

Expect many more in the future



What do we mean by 
phases?

Would have heard of solid, liquid, and gas phases  

But many more complicated phases exist. Can think of 
a phase as a collection of particles with some 
properties which distinguish them from other phases 

 Earlier, phases were classified in terms of expectation 
values of `local’ order parameters  and  broken 
symmetries -for example ferromagnets break 
rotational symmetry and have all spins pointing in one 
direction



In last 10 years or so, a paradigm 
shift in the way of classifying phases 
- based on topology. 

Topology is a branch of 
mathematics that deals with 
quantities that are invariant under 
small continuous changes.  

Topological invariants such as 
winding numbers, genus of surfaces, 
etc, depend on the system as whole 
and cannot be determined locally 

Changing topological invariants 
requires drastic measures such as 
punching a hole!

Brief introduction to topological materials

Theory and experiment have led 
to new class of materials 

classified by topology and not 
by Landau paradigm of broken 

symmetries and order 
parameters 

Topology implies not changed 
by small perturbations 

Cannot be classified by local 
order parameters. They depend 
on the system as a whole. Only 
global distinction between a 

torus and a disc



Topological phases 30 years ago 
- the integer quantum Hall state

Electrons constrained to move in two dimensions, in the presence 
of a magnetic field in the perpendicular direction showed 
quantised Hall conductance 

Happens because the bulk states in the middle of the sample are 
`gapped’ (need energy to be excited) and  do  not carry current and 
only the states at the edges are `gapless’ and  carry current

Quantum Hall effect 
and topology

Transport through a planar material in a 
perpendicular magnetic field - Landau levels

Each plateau corresponds to a distinct 
topological phase

Chiral gapless edge states  at opposite edges of 
the sample carry current and the bulk is 
insulating

No back-scattering, explains the robustness  
and accuracy of the Hall current
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IQHE

Most famous example - 
IQHE 

d=2 with in strong 
magnetic fields - 
strong TR breaking - 
landau levels  

                  with     
quantised to 
remarkable accuracy
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Quantum Hall effect 
and topology

Transport through a planar material in a 
perpendicular magnetic field - Landau levels

Each plateau corresponds to a distinct 
topological phase

Chiral gapless edge states  at opposite edges of 
the sample carry current and the bulk is 
insulating

No back-scattering, explains the robustness  
and accuracy of the Hall current

���������	
�	�����
����������
���
���������
	���������

��

�
����	�
����	���
��
�
��� �!"

IQHE

Most famous example - 
IQHE 

d=2 with in strong 
magnetic fields - 
strong TR breaking - 
landau levels  
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quantised to 
remarkable accuracy
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Thouless (and collaborators) understood that the 
quantum Hall state was an example of a 
topological phase. 

Realised that the wave functions get knotted by 
the magnetic field and form a phase which is 
distinct from other phases and can only change 
when drastic changes are made, such as when a 
gap is closed or number of edge states change

Thouless, Kohmoto, Nightingale and den Nijs

Can argue that when system evolves from 
IQHE to ordinary insulator,  system 
cannot remain insulating

Else invariant cannot change

Hence, gapless conducting edge states

Monday 5 August 13
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Current interest in 
topological insulators

In 2005,  it was realised that the knotting of the wave-
functions and the topologically quantised conductance 
can happen even in the absence of strong magnetic 
fields - need strong spin-orbit coupling instead 

So materials with strong spin-orbit coupling can 
`behave’  like a quantum Hall state - insulating in the 
bulk and having conducting edge states - rather like a 
block of wood covered with a metal, except that it is 
made of a single material - these are the topological 
insulators



Not discovered earlier for many reasons, including the 
need for sophisticated instruments that can map local 
density of states to know which states carry current 

Theoretically required understanding of Berry phase  
and structures of mappings of Brillouin zone to the 
Hamiltonian - more information than just the 
dispersion 

Predicted theoretically and then experimentally 
observed!

Moore, Balents, Roy, Hassan,....
Haldane, Kane, Mele, Fu, Bernevig, Zhang, Molenkaamps, Konig, ....



Transport can be through quasiparticles 
(emergent excitations inside the material) 
which are not just bosons or fermions, but 
also anyons and even non-abelian 
quasiparticles like Majorana zero modes 

What does one mean by this? In quantum 
theory, the probability for a process is the 
square of the amplitude of its wave function. 
So we need to compute the total amplitude 
for indistinguishable particles to go from 
some position to another where they are 
`exchanged’. These are the world lines of the 
quasiparticles

Topotronics or transport in 
topological phases
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Quantum statistics actually reflects the topology of the 
world lines. Rules for how we add different 
contributions from different classes. 

In 3 dimensions, can only add or subtract  leading to 
bosons and fermions 

But in 2 dimensions,  can add the paths with any phase 
leading to anyon statistics (because removing a single 
point in 2D makes the space multiply connected) 

Turns out that in many of the topological phases, in 
particular, the fractional quantum Hall phase, the 
quasiparticle excitations with fractional charge turn 
out to be anyons.     Leinaas and Myrrheim, Wilczek



Some topological phases also have non-abelian excitations, 
whose exchanges can give more than just a phase 

These particles have an internal degree of freedom which 
encodes a topological  (no local measurement can distinguish  
between the states) degeneracy (more than one state with the 
same energy) 

So when these particles (with multicomponent wavefunctions) 
are exchanged, they also get rotated within this space. So the 
quantum state changes under exchange of identical particles 

Since rotations do not commute, these are called non-abelian 
anyons

Non-abelian anyons

Moore and Seiberg, Witten

Moore and Reed



Possible applications to topological quantum 
computation.   

The non-abelian excitations imply a robust 
degeneracy of the ground state.  The exchange or 
braiding of these excitations move between  the 
degenerate ground states, but is insensitive  to 
details such as noise or interactions. Hence could 
be useful in quantum computation.

Why all the excitement 
about   topological phases?

Kitaev, Preskill, Alicea, ...



Second paradigm shift - relativistic condensed matter physics  

Standard wisdom  - electrons in solids are `low energy 
particles’ and move at non-relativistic speeds and obey 
Schrodinger equation  

But recent realisation that in some cases,  electrons in solids 
mathematically obey relativistic equations. Only the speed of 
light is replaced by the speed of the electron in the solid - the 
Fermi velocity 

 First seen in 1D physics - quantum wires or quantum Hall 
edge states

Emergent Relativistic excitations

Tomonaga, Luttinger



Typical example in 2D - 
graphene - carbon atoms on 
a hexagonal lattice  

At low energies, dispersion is 
linear and electrons obey 
massless Dirac equation - 
only difference is that speed 
of light is now                            
and spin is replaced by 
pseudo spin (sub-lattice 
index)

Weyl fermions
in condensed

matter
systems

Sumathi Rao

Background
and
introduction

Andreev
reflection,
resonant
tunneling and
Josephson
e↵ect in WSM

Proximity
induced super-
conductivity in
Weyl
semi-metals

Conclusion
and future
outlook

Dirac fermions

Dirac fermions came into prominence with layered systems
( graphene) in 2+1 dimensions

Near these points , H± = v (±k
x

�
x

+ k
y

�
y

)

2 dimensional � matrices because of dimensionality

Speed of light is replaced by the Fermi velocity and spin
replaced by pseudo-spin of the sub-lattice

Weyl fermions
in condensed

matter
systems

Sumathi Rao

Background
and
introduction

Andreev
reflection,
resonant
tunneling and
Josephson
e↵ect in WSM

Proximity
induced super-
conductivity in
Weyl
semi-metals

Conclusion
and future
outlook

Dirac fermions

Dirac fermions came into prominence with layered systems
( graphene) in 2+1 dimensions

Near these points , H± = v (±k
x

�
x

+ k
y

�
y

)

2 dimensional � matrices because of dimensionality

Speed of light is replaced by the Fermi velocity and spin
replaced by pseudo-spin of the sub-lattice

v = 106m/sec

Geim and Novoselov



Earlier understanding was that the bulk of the material 
should be insulating and only the surface states could 
be conducting for the topological phase to be stable 

But last few years have also given rise to metallic 
phases which are topological - the Weyl semi-metal 
phase 

How does this happen? Not so easy to see!

Gapless topological phases 

S. Murakami; Wan, Turner,

Vishwanath and Savrasov

Xu et al; Lv et al



There are other unusual technical features about 
the structure of the states of the Weyl semimetal in 
momentum space, and of the surface states, which 
are very different from usual metals and insulators 

This gives rise to interesting  physical 
consequences. When  magnetic field is applied in 
the same direction as an electric field, the 
resistance decreases with increasing magnetic 
field. This is not what happens in normal metals 

Are there other physical consequences? Perhaps! 
Part of current day research



Glimpses of my work in 
the field



 Topological field theories now used as one of the tools to study 
topological phases. Worked on topological field theories - in 
particular, on non-abelian Chern Simons theory in 2+1 
dimensions 

We obtained a topological Ward identity which showed that the 
coefficient of the non-abelian Chern-Simons term, which has to 
be quantised as an integer for topological reasons, gets 
renormalised only at one loop level  by an integer and there are 
no further corrections beyond that.  Surprise was that 
perturbation theory knew about topology! 

A non-perturbative proof later given by Witten, who also 
connected the Chern-Simons theory with Jones polynomials, 
knots, etc.

1985

Robert Pisarski and S.R, PRD32,2081



Topological field theories and  Chern Simons theories naturally 
led to the quantum Hall problem described by an abelian Chern 
Simons theory 

Led to the fractional quantum Hall effect problem and hence to 
their excitations which were anyons 

Also worked on edge states of the quantum Hall problem, which 
formed chiral (moving in one direction) Luttinger liquids ( a 
name for interacting many-body systems in one dimension) and 
on quantum wires (non-chiral Luttinger liquids). Another area 
of interest has been graphene,

Intermediate years

Main Collaborator for many years: Diptiman Sen

Ranjan Ghosh,Jainendra Jain, Dileep Jatkar, Dattu Gaitonde, P K Mohanty

Durganandini,Chitra,Siddhartha Lal,Ravichandra,Amit Agarwal,Abhiram Soori



Current work



Part of the global effort  to understand these 
topological phases  theoretically 

Efforts to classify them, efforts to find newer 
phases, efforts to see how they behave when 
juxtaposed with other materials topological and 
non-topological, efforts to see what happens when 
these phases are driven, efforts to understand bulk-
edge correspondence, efforts to see what happens 
when you include disorder, interactions, finite 
temperature, how much of any effect is purely 
topological and how much is not, efforts to 
understand how the excitations can lead to fault 
tolerant quantum computation, etc



Collaborators

PhD students

1) Udit Khanna 
2) Aditya Banerjee 
3) Ruchi Saxena

4) Dibyakanti 
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Priyanka
Mohan

1) Namit 
Anand

Postdoc Former 
Students

Master’s
Student 1) Yuval Gefen (Weizmann 

Institute)
2) Ganapathy Murthy 
( Kentucky University)



 Edge structure of integer quantum Hall 
effect

Single particle picture

I The bulk spectrum consists
of highly degenerate landau
levels, which bend at the
edge due to the confining
potential.

I This gives rise to 1 chiral
edge mode for each filled
Landau Level.

I The conductance is precisely
quantized due to the
absence of backscattering.

Udit Khanna Edge states and transport properties in topological systems

Basic Setup

Model the edge by a background charge density

W

2-
W

2
y

ρb(y)

ρ0

which generates the confining potential through Coulomb
interaction with the electrons

Hbg = � 1

A

X

~q

v(~q)⇢b(�~q)⇢̂e(~q)

and W controls the smoothness of the edge.Udit Khanna Edge states and transport properties in topological systems

The integer quantum Hall effect in the bulk is well 
understood without interactions and is known to have a 
conductance given by                          for       filled Landau 
levels  

 Naively, this means that at the edges also, there should be     
massless chiral edge states with opposite chirality  at the two 
edges

G = ⌫e2/h ⌫

⌫



But at the edges, it has been known that the 
Coulomb interactions between the electrons play a 
role 

Depending on whether the potential at the edge of 
the quantum Hall sample is abrupt or smooth,  the 
number and position of the quantum Hall edge 
states can be changed - called charge 
reconstruction 

Essentially due to the fact that the state  lowers its 
energy at the edge by reconstructing the Landau 
levels so as to spread out the charge density to 
follow the background density

Dempsey and Halperin, Chamon and Wen



Question we asked : If there are multiple edge modes 
with the same spin, then is an exchange interaction 
driven rearrangement possible? 

The simplest case here is to have               because 
that will have at least 2 modes with the same spins 

 For very sharp edges, the 3 modes are close to each 
other, but as the potential is made smoother, they 
move away from each other

⌫ = 3

Udit Khanna, Ganpathy Murthy, S.R and Yuval Gefen

Density Reconstruction

I While the end result can be complicated, the basic principle
driving density reconstruction can be described by a classical
electrostatic picture.

I If there are multiple egde modes with same spin, then is an
exchange driven rearrangement possible? ⌫ = 3 is the simplest
state where this would appear.

Udit Khanna Edge states and transport properties in topological systems



At some point, they are far enough so that they can 
gain energy by having two like spins next to each 
other,  even making up for the loss in energy in 
flipping the spins 

Here the spins of the two inner  modes  have 
flipped so that they have the same spin 

For other parameters, the spins of the two outer 
modes switch 
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We have also been working on Weyl semimetals for a while 
now 

Since it is know that when topological insulators are kept 
close to superconductors, new phenomena such as 
topological superconductor and new excitations with non-
abelian statistics arise, we  focussed on what happens when 
Weyl semimetals  are juxtaposed with a superconductor 

We also found that the experiments to detect exotic effects 
become more feasible when some of the parameters can be 
changed externally. We found that shining light on the 
Weyl semimetals is an easy way to change some relevant 
parameters. So we focussed on that as well.

Work on Weyl semimetals



Proximity induced superconductivity 
in Weyl semi-metals 

We coupled one side of the  topological insulator or Weyl semi-
metals to a superconductor. Our aim was to see how much the 
superconducting correlations survive inside the TI/WSM. 

We found that it does not penetrate very much even for the 
WSM, unlike in metals. Also, since the Weyl nodes are chiral, 
this correlation did not give rise to a mass gap at the node.

Proximity induced superconductivity in Weyl semi-metals

Udit Khanna1, Arijit Kundu2, Saurabh Pradhan1 and Sumathi Rao1,3
1 Harish-Chandra Research Institute, Chhatnag Road, Jhunsi, Allahabad 211 019, India.

2Department of Physics, Indiana University, 727 East Third Street, Bloomington, IN47405-7105, U.S.A
3International Center for Theoretical Studies, Tata Institute of Fundamental Research, IISc Campus, Bangalore, 560012, India

We introduce superconducting proximity e↵ects in Weyl semi-metals (WSM) with broken time
reversal symmetry by tunnel coupling one of its surfaces to an s-wave superconductor using the
Green’s function approach. We find that the band structure develops coherence peaks, but despite
the presence of metallic states in the bulk, the coherence peaks do not extend far into the bulk
and remain confined to a few layers close to the interface, similar to the proximity e↵ect in the
topological insulators (TI) which are gapped in the bulk. The Weyl nodes remain una↵ected, and in
that sense, no true gap develops. We also study the various induced p and s-wave pairing amplitudes
classified by their symmetries, as a function of the various relevant parameters of the theory and
note the exponential decay of the induced pairings in the bulk both in the TI and the WSM, even
at finite chemical potential.

PACS numbers: 74.45.+c, 73.20.At, 74.78.Na

I. INTRODUCTION

In recent years, topology has become an important
tool in classifying the phases of matter[1]. Although the
study of topological phases started with the discovery of
the quantum Hall and fractional quantum Hall phases
[2] in the eighties, it gained momentum with the discov-
ery of the time-reversal invariant topological insulators[3]
a few years ago. Topological insulators are classified in
terms of their bulk band-structure and by now, there has
been a complete classification of free fermion topologi-
cal insulators in the presence of disorder[4, 5]. All these
phases have topologically non-trivial momentum space
structure, are insulating in the bulk and have metallic
surface states.

It has been generally assumed that it is the gap in
the bulk electronic spectrum which makes the topolog-
ically non-trivial ground state with its surface states,
stable, and unable to decay to the topologically trivial
phase. However, more recently it has been shown that it
is possible to have non-trivial momentum space topol-
ogy even for gapless fermionic systems. One of such
systems which has been recently identified is the Weyl
semi-metal phase[6, 7], which can be topologically classi-
fied because the gapless points (the band-touching Weyl
nodes) are topologically protected in momentum space by
the band structure on a surface enclosing each point. The
band structure shows unusual surface states called Fermi
arcs[6], which has led to a lot of interesting work[8]. The
low energy excitations of these phases are modeled by the
Weyl equation and the topological response of the phase
has been argued to be a realization of the Adler-Bell-
Jackiw anomaly[9] in condensed matter systems. There
are several recent reviews[10] which have discussed many
of these issues.

The introduction of superconductivity either via the
proximity e↵ect[11] or via phonon-mediated attractive
interactions[12] in topological insulators, leads to a new
exotic phase, the topological superconducting phase,

ee ee ee

FIG. 1: (Color online) Schematic of our setup -
an s-wave superconductor is coupled with the Weyl
semi-metal/topological insulator system through proximity.
Cooper pairs from the superconductor di↵use into the bulk
of the Weyl semi-metal/topological insulator giving rise to
induced superconductivity.

with surface states that support Majorana fermions. This
has led to considerable work on topological insulator-
superconductor hybrid junctions[13, 14] with special at-
tention to the surface states that develop between them.
Proximity with an s-wave superconductor was shown to
lead to a significant renormalization of the parameters
of the e↵ective model of the surface states. It was also
shown that close to the Dirac cone vertex, the electrons
exhibited s-wave pairing, but away from the vertex, the
triplet component gained in amplitude. A full symme-
try classification of all the induced pairings for proximity
to s-wave, p-wave and d-wave superconductors was also
studied[15] and it was shown that the di↵erent induced
pairing amplitudes modify the density of states at the
interface significantly.
Similarly, one would expect that the introduction of

superconductivity into the Weyl semi-metal phase will
also lead to new phenomena. A heterostructure of topo-
logical insulators and s-wave superconductors was stud-
ied by Meng and Balents[16] who showed that super-
conductivity split the Weyl modes into Boguliobov-Weyl
modes and by studying vortices in some of these phases,

Udit Khanna, Arijit Kundu,
Saurabh Pradhan and S.R,
PRB (2014)



Josephson effect in Weyl semi-
metals

We studied Josephson effect in 
Superconductor-Weyl semimetal-
Superconductor  junctions and 
found that the Josephson current 
is periodic in length with period          
where      was the new scale 
induced by   time-reversal 
breaking in the WSM 

The oscillations  changed the sign 
of the critical current - i.e., there 
were periodic            transitions 

Chiral nodes and oscillations in the Josephson current in Weyl semimetals

Udit Khanna,1 Dibya Kanti Mukherjee,1 Arijit Kundu,2, 3 and Sumathi Rao1

1Harish-Chandra Research Institute, Chhatnag Road, Jhunsi, Allahabad 211 019, India.
2Physics Department, Technion, 320003, Haifa, Israel

3Department of Physics, Indiana University, Bloomington, IN 47405

The separation of the Weyl nodes in a broken time-reversal symmetric Weyl semimetal leads to
helical quasi-particle excitations at the Weyl nodes, which, when coupled with overall spin conserva-
tion allows only inter-nodal transport at the junction of the Weyl semimetal with a superconductor.
This leads to an unusual periodic oscillation in the Josephson current as a function of k0L, where
L is the length of the Weyl semimetal and 2k0 is the inter-nodal distance. This oscillation is robust
and should be experimentally measurable, providing a direct path to confirming the existence of
chiral nodes in the Weyl semimetal.

PACS numbers: 74.45.+c, 74.50.+r, 73.21.-b

Introduction.—Weyl semimetals (WSM), which have
received much interest recently due to their non-trivial
transport characteristics, are 3D topological systems
where conduction and valence bands touch at two or more
‘Weyl’ points1–5. According to a no-go theorem6, gapless
Weyl nodes in a WSM appear as pairs in momentum
space with each of the nodes having a definite ‘chiral-
ity’, a quantum number that depends on the Berry flux
enclosed by a closed surface around the node. Gauss
law prevents the annihilation of the nodes unless two of
them with opposite chirality are brought together, which
provides the ‘topological’ protection of the Weyl nodes7.
A WSM phase requires broken time-reversal and/or in-
version symmetry and a growing number of systems has
been put forward which realize the WSM phase8–10.

The separation of the chiral nodes, allows charge
pumping between the nodes in the presence of parallel
electric and magnetic fields, as a consequence of the chiral
anomaly11, and this has led to detailed studies of trans-
port in Weyl semi-metals in several recent papers12–32.

In this paper we study the current in a simple Joseph-
son junction setup, depicted in Fig. 1(a). The heli-
cal quasi-particle excitations at the Weyl nodes, due
to the overall spin conserving processes at a WSM-
superconductor (SC) junction, allow only inter-nodal
transport33. Further, we show, unlike in a normal metal-
SC interface, the inter-nodal ‘normal’ (electron to elec-
tron) reflection process in a WSM-SC interface is not
suppressed even for energies close to Fermi-energy, due
to the broken time-reversal symmetry separating the
Weyl nodes. The Josephson current, flowing through the
bound levels formed by multiple inter-nodal ‘normal’ and
Andreev (electron to hole) processes in a SC-WSM-SC
system, consequently, acquires a specific periodicity as a
function of the length of the WSM which depends only
on the separation of the Weyl nodes in the momentum
space (see Fig. 1(b)). We argue that both of these fea-
tures are robust because they are not only bulk e↵ects,
but they are also protected by the robustness of the Weyl
nodes. We also discuss the feasibility of experimental ob-
servations of this periodicity, which can confirm the pres-
ence of inter-nodal Andreev reflections by experimentally

FIG. 1. (Color online) (a) The setup for Josephson current
with two superconductors (SC) characterized by phases �L

and �R sandwiching a WSM of length L between them where
a time-reversal broken perturbation separates the Weyl nodes
in momentum space by 2k0 in kz. (b) The Josephson current
(at normal incidence) is periodic in L with a period of ⇡/k0.
We show the zero-temperature Josephson current, Eq. (9),
as a function of the superconducting phase di↵erence �, for
various values of L in solid (dashed) lines for ✓ between 0 and
⇡ (⇡ and 2⇡), where ✓ = 2k0L mod(2⇡). The parameters used
are k0L = 31.4, 32.0, 32.5, 33, 33.5, 34.0, 34.454, ~2k2

0/2mW =
10µW = 103� = µS/2, p ⌧ k0 and mS = mW .

studying the Josephson current in WSM.

Model and geometry.—We consider the geometry as
shown in Fig. 1(a) with the superconductors at z < 0
and z > L and the Weyl semimetal (WSM) in the region
0 < z < L. We model the WSM starting from the stan-
dard Hamiltonian describing a 3D TI in the Bi

2

Se
3

fam-
ily34,35, regularized on a simple cubic lattice and adding
a time-reversal breaking perturbation bz to access the

⇡/k0 k0

0� ⇡
Udit Khanna, Dibyakanti Mukherjee, Arijit Kundu
and S.R, PRB 93, 121409(R), 2017



Tuning transitions by 
irradiation

The effective value of     can be tuned by shining light on 
the Weyl semimetal 

This makes the           transition experimentally accessible 0� ⇡

k0
Udit Khanna, S.R and Arijit Kundu,
PRB 95, 201115(R), 2017



We have also been working on other materials 
like silicene (similar to graphene) which has a 
buckled structure, and in general, materials with 
larger spin-orbit coupling than graphene 

In silicene, an external electric field can tune the 
band gap, so that it  can behave as a normal 
insulator, a metal or a topological insulator. SPECTACULAR OUTCOMES

 
Ezawa



Can tune to valley and spin polarised transport by 
appropriate magnetic fields and barriers  

Have also studied effect of shining light on these materials 
in the high frequency limit to obtain and understand new 
topological phases 

Currently working on extending the results to lower 
frequencies where even more phases can be obtained  and 
these phases are characterised by more than just the Chern 
numbers. Find that other winding numbers are involved.

Brillouin-Wigner Theory for Floquet Topological Phase Transitions in Spin-orbit

Coupled Materials

Priyanka Mohan,1, 2 Ruchi Saxena,1, 2 Arijit Kundu,3 and Sumathi Rao1, 2

1Harish-Chandra Research Institute, Chhatnag Road, Jhunsi, Allahabad 211 019, India.
2Homi Bhabha National Institute, Training School Complex,

Anushaktinagar, Mumbai, Maharastra 400085, India.
3Physics Department, Technion, 320003, Haifa, Israel

We develop the high frequency expansion based on the Brillouin-Wigner (B-W) perturbation
theory for driven systems with spin-orbit coupling which is applicable to the cases of silicene, ger-
manene and stanene. We compute the e↵ective Hamiltonian in the zero photon subspace not only
to order O(!�1), but by keeping all the important terms to order O(!�2), and obtain the photo-
assisted correction terms to both the hopping and the spin-orbit terms, as well as new longer ranged
hopping terms. We then use the e↵ective static Hamiltonian to compute the phase diagram in the
high frequency limit and compare it with the results of direct numerical computation of the Chern
numbers of the Floquet bands, and show that at su�ciently large frequencies, the B-W theory high
frequency expansion works well even in the presence of spin-orbit coupling terms.

PACS numbers:

I. INTRODUCTION

Topological insulators and topological phase transi-
tions1 have been in the forefront of research in the
last several years. More recently, it has been realized
that driving systems periodically is an e↵ective way to
obtain and control topological phases2–5. In the last
few years, the concept of engineering such periodically
driven systems, often called Floquet systems, has gained
prominence, particularly due to the feasibility of exper-
iments in solid state6 as well as in photonic7 and cold
atom systems8. Floquet topological systems have been
studied extensively to predict non-equilibrium Majorana
modes9–12, non-trivial transport properties13–17 as well
as to control the band-structure3,18,19.

Despite this progress, there remain many unresolved
questions involving driven topological systems, mainly
because the presence of the driving implies that the sys-
tem is out of equilibrium. With the lack of energy con-
servation, the bands in a driven system can be charac-
terized by quasienergies

20. But the standard picture of
assuming that the quasi-energy levels are similar to the
usual energy levels of a band is not quite right because
the distribution function for the electrons in the quasi-
energy bands cannot be assumed to be the usual Fermi
distribution function. Furthermore, a driven system has
a much richer topological phase structure than its static
counterpart21 and may even possess phases that have no
analogue in the static system22. This has led to the pro-
posal of characterising the topological indices of a peri-
odically driven topological insulator as a combination of
winding numbers instead of a single Chern number.

Motivated by graphene, much of the early
work14,15,23–25 on Floquet topological insulators
has been on understanding the topological features of
periodically driven tight-binding models on a honeycomb
lattice. However, it is also of interest to extend the
work to include spin-orbit coupling terms and buckling

FIG. 1: A class of materials, such as silicene, stanene and
germanene has 2D electrons in a buckled structure. Sites on
a blue (upper) layer and a yellow (bottom) layer together form
a lattice.

terms which are of relevance to materials like silicene,
germanene and stanene26–30. Although these materials
are intrinsic topological insulators and their band gap
can be tuned by an external gate voltage, fairly large
electric fields are required to tune the materials between
topological and normal insulators. The enhanced tun-
ability o↵ered by using light as a driving force may allow
us to access many more topologically distinct phases in
these materials.

A simple theoretical idea that has been used in the field
of Floquet systems is to realize that at very high frequen-
cies, when the frequency of the drive is larger than the
band-width, the system cannot follow the rapid oscilla-
tions of the external drive and hence, the e↵ective Hamil-
tonian is just the time-averaged one. An e↵ective Hamil-
tonian is then systematically constructed using perturba-
tion theory, at high frequencies, to include virtual photon
absorption and emission processes to give corrections of
O(!�n), where ! is the frequency. Here, it has been
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Majorana modes

We have also  been working on Majorana modes 

The race to find Majorana modes continues 

Although several candidates exist, one problem 
has been the unambiguous identification of a 
Majorana bound state as compared to other 
accidental zero energy bound states 

In this context, we have proposed a ring geometry



Transport through Majorana 
modes (non-abelian anyons)

We have suggested that 
measuring currents as a 
function of the 
Aharanov-Bohm flux in 
a ring geometry could 
distinguish between 
Majorana bound states 
and zero energy  
Andreev bound states at 
the end of a topological 
superconductor

Fingerprints of Majorana bound states in Aharonov Bohm geometry
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We study a ring geometry, coupled to two normal metallic leads, which has a Majorana bound
state (MBS) embedded in one of its arm and is threaded by Aharonov Bohm (AB) flux �. We
show that by varying the AB flux, the two leads go through resonance in an anti-correlated fashion
while the resonance conductance is quantized to 2e2/h. We further show that such anti-correlation
is completely absent when the MBS is replaced by an Andreev bound state (ABS). Hence this anti-
correlation in conductance when studied as a function of � provides a unique signature of the MBS
which cannot be faked by an ABS. We contrast the phase sensitivity of the MBS and ABS in terms
of tunneling conductances. We argue that the relative phase between the tunneling amplitude of
the electrons and holes from either lead to the level (MBS or ABS), which is constrained to 0,⇡ for
the MBS and unconstrained for the ABS, is responsible for this interesting contrast in the AB e↵ect
between the MBS and ABS.

PACS numbers: 71.10.Pm,74.45.+c,74.78.Na,73.50.Td

Introduction :- Zero energy Majorana bound states
(MBS) which appear as end states of a 1-D p-wave
superconductor have been attracting a lot of interest
recently1,2, mainly due to their topological nature and
relevance3 in topological quantum computation. Al-
though serious attempts for confirming the existence of
the MBS have been made experimentally4,5, their out-
come remains controversial, and it is perhaps fair to say
that there still has not been a definitive experiment to
verify their existence. The primary reason for this is
that it is not easy to distinguish Majorana modes from
other spurious zero energy modes. This has also led to
considerable theoretical e↵ort6 to look for clearly distin-
guishable robust signals of Majorana modes.

Many earlier theoretical studies have focussed on
promising physical systems that support Majorana
modes8,9. Another focus10,11 has been understanding
and extending the proto-typical model that hosts Ma-
jorana modes, which is the Kitaev model12. There have
also been generalisations which yield more than one Ma-
jorana mode at each of the edges13,14, Floquet generation
of Majorana modes15,16, etc.

In this letter, we show that the Aharonov-Bohm (AB)
e↵ect in a ring geometry with a MBS embedded in one of
its arm can provide a distinct signature which cannot be
faked by an Andreev bound state(ABS). Earlier attempts
to use AB flux interferometers have been in the context
of teleportation17,18 or non-local conductance or persis-
tent currents19, but they involve the MBS at both ends
of a wire. Many other recent proposals which discuss
distinguishing signatures of the MBS rely on quantum
noise measurements20 which are in general di�cult to im-
plement. In contrast, we propose conductance measure-
ments which can clearly distinguish the Majorana from
a spurious zero mode. Our proposed setup comprises of
a two terminal ring geometry as shown in Fig.1, with di-
rect coupling between the leads as well as coupling via
a MBS/ABS hosted by a superconductor, which is the
third lead and which remains grounded for our proposal.

�

MBS

I1

lead 1 lead 2

I2

T
S
C

V V

FIG. 1: (color online) Schematic illustration of the AB ring
setup with two normal leads, at voltage V , directly coupled
to each other as well as via a MBS/ABS hosted at the edge
of a grounded topological/non-topological superconductor.

We show that when both the normal leads are equally bi-
ased with respect to the grounded superconductor, con-
structive resonance for one of the normal leads is always
accompanied by a destructive anti-resonance on the other
normal lead. As the conductance on each lead has flux
periodicity of a flux quantum (�0 = hc/e), each normal
lead goes through a resonance and an anti-resonance as
the phase of the direct tunneling term, which is tunable
by the AB flux, changes by �0. On the contrary, when
we replace the MBS by an ABS in the above described
setup, we find that the current flowing through both the
leads remains equal, irrespective of the variation of the
AB flux. Hence the anti-correlation in current obtained
as function of the flux can be considered as a robust and
direct signature of the MBS.
Tunneling into the MBS: To begin with, we consider

a model where a MBS is tunnel coupled to two normal
leads. We will later add a direct tunneling term (with
a complex phase) between the two leads to convert it
into an e↵ective Hamiltonian describing the topological
equivalent of a two path interferometer with an AB flux
enclosed(see Fig.[1]) where the AB flux is given by the
phase of the complex tunneling amplitude. The Hamil-
tonian for the system in the absence of direct tunneling
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FIG. 2: (color online) (a) and (b) ((c) and (d)) give the con-
ductances on the two wires (red and blue) and noise (red for
cross-correlation and blue for auto-correlation) for the AB in-
terferometer with a MBS (ABS) on one of its arms as a func-
tion of the flux at various temperatures and voltages. The
anti-correlation of the currents in the MBS case and the posi-
tive correlation of the currents for the ABS case as a function
of the flux survives even at finite temperatures and voltages.
Note also that the value of the total conductance G1 + G2

is quantised to 2e2/h for the MBS case, whereas it is non-
universal and can even go above that value for the ABS case.
The values of the temperature and voltage chosen are (i) cir-
cles - µ = 0.1�u1, kBT = 0.1�u1 (ii) triangles - µ = 0.1�u1,
kBT = �u1 (i) squares - µ = �u1, kBT = 0.1�u1 (ii) crosses
- µ = �u1, kBT = �u1. The tunneling amplitude parameters
are chosen to be u1 = u2 = t1 = t2 = v1

2 = � v2
2 = �u1p

2⇡⌫
, ⌧0 =

�u1
2⇡⌫ with �u1(= 2⇡⌫|u1|2) = �t1(= 2⇡⌫|t1|2) = 1.

the coupling is to the other Majorana mode, where the
phases di↵er by e±i⇡ = �1. This phase rigidity of the
couplings to the electrons and holes in the leads is again
a feature of the MBS which is not shared by an accidental
zero energy ABS. Hence, if this phase can be varied in a
desirable fashion, it can provide a distinguishing feature
between a MBS and an accidental zero energy ABS. But
in general this is not possible; hence addition of the direct
tunneling path with an enclosed flux discussed in this
letter provides a minimal set up for accessing the above
described di↵erence between the ABS and the MBS.

Finally we also include direct tunneling between the
leads to study the AB set up for the ABS. However, since
there are many parameters to vary, the results are highly
dependent on the parameters chosen and the results for
some typical values are shown in Figs. 2c and 2d and
Figs. 3c and 3d. The only general feature that we see is
that the conductance on the two leads remain identical,
(but the cross-correlations can be positive or negative),
irrespective of details of the AB flux, hence maintaining
its contrast to the MBS case. This complete our study
of AB set up for the ABS.

Discussion and conclusion:- In this paper, we have at-
tempted to distinguish between signatures of a MBS and
an accidental zero energy ABS by studying the conduc-
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FIG. 3: (color online) (a) ((c)) shows the exponential fall-
o↵ of the di↵erential conductance on one of the wires as
a function of the voltage for di↵erent temperatures for the
MBS(ABS) case. For the MBS case, the zero bias peak is
quantised to e2/h (for a single wire) at zero temperature and
then reduces to a non-universal value at finite temperatures.
For the ABS case, the zero bias peak even at zero tempera-
ture is non-universal. (b) ((d)) shows the cross-correlations
of the current through the two leads as a function of the volt-
age at various temperatures. (The legend for the di↵erent
colours is given in (a) and (b) and is the same in all the
figures.) For the MBS case, the cross-correlations are al-
ways negative, whereas they can be positive or negative for
the ABS case. The tunneling amplitude parameters are cho-
sen to be u1 = u2 = t1 = t2 = v1

2 = � v2
2 = �u1p

2⇡⌫
, with

�u1(= 2⇡⌫|u1|2) = �t1(= 2⇡⌫|t1|2) = 1.

tance and noise correlations of two leads in a two path in-
terferometry setup with a superconductor (giving rise to
a MBS or an ABS depending on whether or not it is topo-
logical) embedded in one of its arms. By changing the
phase of the direct tunneling between the leads (equiva-
lent to the AB phase), we find that the conductances in
the two leads are perfectly anti-correlated for the MBS
case, with their sum quantized to be 2e2/h. Furthermore,
the phase of the direct tunneling can be tuned to give
rise to a resonance in one of the leads, which is necessar-
ily accompanied by an anti-resonance in the other lead.
This feature is completely absent for the ABS and hence,
can be used a strong fingerprint for the existence of a
MBS. We have also computed the noise correlations for
both the MBS and the ABS, and attribute the negative
cross-correlations in the MBS case to the strong corre-
lation in the conductances on the two leads, coupled by
the fermionic statistics of the MBS. We point out that for
the coupling to the MBS, the phases between the electron
and hole processes can only be either +1 or �1 (phase
rigidity), whereas they can have an arbitrary phase for
an ABS. This fact leads to distinguishing features in the
transport across an AB set up. So the bottomline is that
the distinction between MBS and ABS is achieved via
just conductance measurements alone. In an AB ring ge-
ometry, the conductances in the two leads can be tuned
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FIG. 2: (color online) (a) and (b) ((c) and (d)) give the con-
ductances on the two wires (red and blue) and noise (red for
cross-correlation and blue for auto-correlation) for the AB in-
terferometer with a MBS (ABS) on one of its arms as a func-
tion of the flux at various temperatures and voltages. The
anti-correlation of the currents in the MBS case and the posi-
tive correlation of the currents for the ABS case as a function
of the flux survives even at finite temperatures and voltages.
Note also that the value of the total conductance G1 + G2

is quantised to 2e2/h for the MBS case, whereas it is non-
universal and can even go above that value for the ABS case.
The values of the temperature and voltage chosen are (i) cir-
cles - µ = 0.1�u1, kBT = 0.1�u1 (ii) triangles - µ = 0.1�u1,
kBT = �u1 (i) squares - µ = �u1, kBT = 0.1�u1 (ii) crosses
- µ = �u1, kBT = �u1. The tunneling amplitude parameters
are chosen to be u1 = u2 = t1 = t2 = v1

2 = � v2
2 = �u1p

2⇡⌫
, ⌧0 =

�u1
2⇡⌫ with �u1(= 2⇡⌫|u1|2) = �t1(= 2⇡⌫|t1|2) = 1.

the coupling is to the other Majorana mode, where the
phases di↵er by e±i⇡ = �1. This phase rigidity of the
couplings to the electrons and holes in the leads is again
a feature of the MBS which is not shared by an accidental
zero energy ABS. Hence, if this phase can be varied in a
desirable fashion, it can provide a distinguishing feature
between a MBS and an accidental zero energy ABS. But
in general this is not possible; hence addition of the direct
tunneling path with an enclosed flux discussed in this
letter provides a minimal set up for accessing the above
described di↵erence between the ABS and the MBS.

Finally we also include direct tunneling between the
leads to study the AB set up for the ABS. However, since
there are many parameters to vary, the results are highly
dependent on the parameters chosen and the results for
some typical values are shown in Figs. 2c and 2d and
Figs. 3c and 3d. The only general feature that we see is
that the conductance on the two leads remain identical,
(but the cross-correlations can be positive or negative),
irrespective of details of the AB flux, hence maintaining
its contrast to the MBS case. This complete our study
of AB set up for the ABS.

Discussion and conclusion:- In this paper, we have at-
tempted to distinguish between signatures of a MBS and
an accidental zero energy ABS by studying the conduc-
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FIG. 3: (color online) (a) ((c)) shows the exponential fall-
o↵ of the di↵erential conductance on one of the wires as
a function of the voltage for di↵erent temperatures for the
MBS(ABS) case. For the MBS case, the zero bias peak is
quantised to e2/h (for a single wire) at zero temperature and
then reduces to a non-universal value at finite temperatures.
For the ABS case, the zero bias peak even at zero tempera-
ture is non-universal. (b) ((d)) shows the cross-correlations
of the current through the two leads as a function of the volt-
age at various temperatures. (The legend for the di↵erent
colours is given in (a) and (b) and is the same in all the
figures.) For the MBS case, the cross-correlations are al-
ways negative, whereas they can be positive or negative for
the ABS case. The tunneling amplitude parameters are cho-
sen to be u1 = u2 = t1 = t2 = v1

2 = � v2
2 = �u1p

2⇡⌫
, with

�u1(= 2⇡⌫|u1|2) = �t1(= 2⇡⌫|t1|2) = 1.

tance and noise correlations of two leads in a two path in-
terferometry setup with a superconductor (giving rise to
a MBS or an ABS depending on whether or not it is topo-
logical) embedded in one of its arms. By changing the
phase of the direct tunneling between the leads (equiva-
lent to the AB phase), we find that the conductances in
the two leads are perfectly anti-correlated for the MBS
case, with their sum quantized to be 2e2/h. Furthermore,
the phase of the direct tunneling can be tuned to give
rise to a resonance in one of the leads, which is necessar-
ily accompanied by an anti-resonance in the other lead.
This feature is completely absent for the ABS and hence,
can be used a strong fingerprint for the existence of a
MBS. We have also computed the noise correlations for
both the MBS and the ABS, and attribute the negative
cross-correlations in the MBS case to the strong corre-
lation in the conductances on the two leads, coupled by
the fermionic statistics of the MBS. We point out that for
the coupling to the MBS, the phases between the electron
and hole processes can only be either +1 or �1 (phase
rigidity), whereas they can have an arbitrary phase for
an ABS. This fact leads to distinguishing features in the
transport across an AB set up. So the bottomline is that
the distinction between MBS and ABS is achieved via
just conductance measurements alone. In an AB ring ge-
ometry, the conductances in the two leads can be tuned
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To conclude…..

Having fun working with topological phases in 
various guises and hope to continue ….


